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NUMBERS

CLASSIFYING NUMBERS

Real Numbers

Both Irrational and Rational: Comprises of the entire Raal Number Ling ~

—

Irrational Numbers

MNumbers that can not be
written in a ratio of two
whole numbers. This
means decimals that do
not repeat.

o

T =3.141592654...
\2=1.414213562...
® = 1.618033989...

1.01001000100001...

Rational Numbers

Numbers that can be written in a ratio of two whole numbers. This includes terminating and repeating decimals.

Integers

. Aad on the negatives
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RATIONAL AND IRRATIONAL NUMBERS

A rational number is a number that can be written as a simple fraction (ie as a ratio).
Example: 1.5 is a rational number because 1.5 = 3/2 (it can be written as a fraction)
An Irrational Number is a number that cannot be written as a simple fraction - the

decimal goes on forever without repeating.
Example: = (Pi) is an irrational number. The value of Pi is:
3.1415926535897932384626433832795 (and more...)

Famous Irrational Numbers

Pi is a famous irrational number. People have calculated Pi to over one million decimal places and still
there is no pattern. The first few digits look like this: 3.1415926535897932384626433832795 (and
more ...)

The number e (Euler's Number) is another famous irrational number. People have also calculated e
to lots of decimal places without any pattern showing. The first few digits look like this:
2.7182818284590452353602874713527 (and more ...)

The Golden Ratio is an irrational number. The first few digits look like this:
1.61803398874989484820... (and more ...)

J Many square roots, cube roots, etc are also irrational numbers. Examples:
/3 1.7320508075688772935274463415059 (etc)
J99 9.9498743710661995473447982100121 (etc)

But /4 =2,and /9 = 3, so not all roots are irrational.

REAL NUMBERS
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Absolute error: [Approximate Value - Exact Value

Percentage Error:

[Approximate Value - Exact Value/

|Exact Value| x100%
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INTERVALS

A (real) interval is a set that consists of all real numbers between a given pair of numbers. It

can also be thought of as a segment of the real number line. An endpoint of an interval is

either of the two points that mark the end of the line segment. An interval can include either

endpoint, both endpoints and neither endpoint. To distinguish between these different
intervals, we use interval notation. For example, the set of all numbers x satisfying

0 < < 1is an interval which contains 0 and 1, as well as all numbers between them.
The interval of numbers between aand b, including aand b, is often denoted [a, b]. The two

numbers are called the endpoints of the interval. To indicate that one of the endpoints is to

be excluded from the set, substitute a parenthesis for the corresponding square bracket.
These are the different types of finite intervals:

Open Interval: (a, b) is interpreted as a < x < b where the endpoints are NOT
included.

(1, 5)

0 2 3 4 fi

Closed Interval: [a, b] is interpreted as a < x < b where the endpoints are included

1, 5]
P

Half-Open Interval: (g, b] is interpreted as a < x < b where a is not included, but b is

included.

(1, 5]
[T T, T TR T |
I EERE 6

Half-Open Intervalé [a, b) is interpreted as a < x < bwhere a is included, but b is not

included.

[1,5)

:,:::’T‘:
0Y 2 3 4% 6

Infinite intervals are those that do not have an endpoint in either the positive or
negative direction, or both. The interval extends forever in that direction
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SURDS OR RADICALS

If you can't simplify a number to remove a square root (or cube root etc), then it is
a radical or surd.

Example: /25 = 5 is a natural humber
J2 can't be simplified, so it's a surd.

Number Simplifed As a Decimal Sl'r"';dt;r
V2 V2 1.4142135(etc) Surd
V3 V3 1.7320508(etc) Surd
Va4 2 2 Not a surd

V(1/4) 1/2 0.5 Not a surd
*V(27) 3 3 Not a surd

As you can see, the surds have a decimal which goes on forever without repeating,
and that makes them Irrational Numbers.

PROPERTIES OF RADICALS
Remember! A radical is a power: "a™ = a™"
Simplifying radicals: "P/a™ = "/a™

Multiplication and division (with the same index):
"Ja-"Jb="(ab)
"a:"Vb="(ab)

Like radicals: Radical expressions are called like radical expressions if the indexes
are the same and the radicands are identical. For example, 3 T and 5317 are like
radicals

Addition and subtraction of like radicals: You can add or subtract (combine) like
radicals if they are like radicals: just, add or subtract their coefficients:

W7+ 537 =637
837 - 337 =5%7
To "remove"” a radical from the denominator, multiply the top and bottom of the

fraction by that same radical to create a rational number (a perfect square radical) in
the denominator. This process is called rationalizing the denominator.
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Error in measurement

Any measurement made with a measuring device is approximate.
If you measure the same object two different times, the two measurements
may not be exactly the same. The difference between fwo measurements is
called a variation in the measurements.

Another word for this variation - or uncertainty in measurement - is "error."
This "error" is not the same as a "mistake." It does not mean that you got
the wrong answer. The error in measurement is a mathematical way to show
the uncertainty in the measurement.

Absolute Error and Relative Error:
Error in measurement may be represented by the actual amount of error, or
by a ratio comparing the error fo the size of the measurement.

The absolute error of the measurement shows how large the error actually is,
while the relative error of the measurement shows how large the error is in
relation to the correct value.

EXERCISES

1. Classify these numbers as in natural numbers N, integers Z, rational numbers Q,

and irrational numbers I WV - - (

2. Solve these questions about intervals:

How do you read the sentence, xER[3<x £5};

8
8 Draw the number line graphs of these two intervals: (2,8] and [-1,3]
8 Write the following inequality as interval notation: -2<x<1

8

Which interval notation represents the set of all numbers from 2
through 7 inclusive?

8 Write all the integers included in the interval (-2,75, 5,4]

§ Which of these numbers: — /* - ))))) belong to the
interval[_— S}?
(

§ Express with intervals these inequalities: [x| < ( |x| 3




3. Skeeter, the dog, weighs exactly 36.5 pounds. When weighed on a defective scale,
he weighed 38 pounds. What is the absolute error in measurement of the defective
scale? What is the relative error in percentages?

4. The actual length of this field is 500 feet. A measuring instrument shows the length
to be 508 feet.
Find:
a.) the absolute error in the measured length of the field.
b.) the relative error in the measured length of the field.
c.) the percentage error in the measured length of the field

250 feet

500 feet
5. Asquare has an area of 30 square centimeters when rounded to the nearest

square centimeter. Which length could be the greatest possible value for the side
of the square in centimeters?

§ 5.432cm
§ 5.477cm
§ 5.522cm
§ 5.523cm

6. Findthevalueof:.\/_x\/_(: \/_*,\/T =
.'\/(_3(: '\/TX\/_;\/_:

7. Change these surds into powers and vice versa: + A/ V_ (7

8. Simplify: \/_ A/ v * (remove factors from the radicals or get a lower
index)

S
VO
HL- )
M

9. Find the value of:

10. Work out (

. Give your answer in its simplest form.



11. Do the following operations with radicals:

= e e
SN SN NN
A = A =

12. Calculate and simplify: ( —\/_)

-+ V)

Work out



ALGEBRA

POLYNOMIALS

Adding polynomials: + o, - % - $
/-- &

2=+ (P +3x-3)=2"+x"+3x-4 -3=3x"+3x-7

Subtracting polynomials: 0 $ $ #/11 ¢ $ -
2 3 - $ % - &

X -4)-(*+3x-3)=2x"-4-x*-3x+3=2x"-x*-3x -4+ 3=x*-3x -1

Multiplying polynomials: 4 , % : o, %
# - 2 % &

(x+3)(x2+2x+4)=x3+2x*+4x +3x2+ 6x + 12=
=x3+2x2+3x*+4x+6x+12 5x*+5x2+ 10x + 12

Special Pattern Binomials:
o Squaring a Binomial - 0 8 #
(a + b)*=a*+ 2ab + b* (a-b)*=a*-2ab + b*

o Product of Sum and Difference (a + b)(a - b) = a* - b*

\®';)

Don't panic! If you cannot remember these patterns, you can arrive at your answer by simply
multiplying with the distributive method. These patterns are, however, very popular. If you can remember the
patterns, you can save yourself some work and a lot of time.

Dividing polynomials:

o DIVIDE # # % 4 - -,
3
MULTIPLY - % 3 , 3
SUBTRACT 3, %

REPEAT $ 3, %




FACTORING POLYNOMIALS

Remainder Theorem: 6

- B, % fx) -+--%
, U xX-a - fla)

Factor Theorem: 6 6 , # - 6 ¢33 fla)5 fx
7 %-+ %hx—a ie:x—a # # f(x).

To factor polynomial expressions, there are several approaches that can be used to simplify the
process. While all of these approaches are not used for each problem, it is best to examine your
expression for the possible existence of these situations. Ask yourself the following questions:

Are there Common Factors? Factor out the Greatest Common Factor (GCF) of the
expression, if one exists. This will make it simpler to factor the remaining expression.
Is the expression a DIFFERENCE of PERFECT SQUARES? [t is a remarkable identity:
the product: SUM x DIFFERENCE.
Is the expression a BINOMIAL SQUARED? [t is one of the other cases of remarkable
identities: (a+b)* or (a—b)>.
In other cases, if the expression has exactly three terms, you can use use trial and error,
keeping certain "hints" in mind.:
o if'the leading coefficient is 1, you are looking for two numbers that multiply to the last
term and add to the coefficient of the middle term.
o if'the leading coefficient is not 1, you will have to look more carefully to find the
answer: you can look for its roots, by solving a 2 degree equation.
If the degree of the expression is bigger than 2, use the factor theorem.

ALGEBRAIC FRACTIONS

Algebraic fractions are firactions whose numerator and/or denominator are polynomials.
Algebraic fractions have properties which are the same as those for numerical fractions.
Adding and subtracting algebraic fractions:(Remember: fractions are fractions! It
doesn't matter if the fractions are made up of numbers, or of algebraic variables, the rules are the
same!) The Basic RULE for Adding and Subtracting Fractions: Get a Common
Denominator by factorizing all of them.
Multiplying algebraic fractions: The rule for multiplying algebraic fractions

is the same as the rule for multiplying numerical fractions. Multiply the tops (numerators)
AND multiply the bottoms (denominators). Remember: if possible, reduce (cancel) before
you multiply the tops and the bottoms.

AC A-C
Dividing algebraic fractions: Change the c B D B-D tion, flip the 2™
fraction ONLY, and then multiply them.
A C AD
B'D RBRC




10.

11.

EXERCISES AND QUESTIONS

Solve the following questions about polynomials:

Let P(x) be a 5" degree polynomial, and Q(x) a 3" degree polynomial; find the degree

of these: a Plx)- Qx) b, P(x)=Qx) c. (P(x))2= (x- Q(x))
Use the remarkable identities to expand these:

a. (2x—7)  p. 3+x)? c. (x —5)2 d. (x* —3x+4)?

. Get the remainder of these divisions without doing them:

a. (x¥ —3xT+x-3)=(x+1)
b, (x*—16)=(x +2)
c. ¥F—x+6)=(x—3)
What is the value of k that makes exact the division (¥* +kx —7)={x — 1)?
Prove that ¥ + 1 i5 afactorof *° + 1
What are the possible integer roots of x3 - 4x* + 2x + 4?
What are the roots of these polynomials?

a. Ax)= (x-2)(x+3)(x-3)
b. B(x)= (2x+ 1)(x +2)?

c. C(x)=5x(4x - 3)(x + 1)(x+2)

Determine one polynomial whose roots are -1, 1, 2

What is the largest number of real roots that a 7th degree polynomial could have?

Find the roots or solutions of these 2" degree polynomials and factor them
completely:
*
B9%x9 5 $9*x9 5
B9 x9S £ x9 "x9 5
89)x9(5
- 89 x9(5
Factor as a perfect square trinomial -- if , &
xX: x9 5 x8: *x9 "5

x89"x9)5 - x: x9 "5



X2 x9)5 # x89 x9 5

12. Complete the square. The trinomial is the square of what binomial;

a. x89 x9; c. )89™"x9;

b. x8: x9; d x89 x9;

13. Simplify these fractions:

- x+" + z- +(y+
. = X p Z z . Y (
X -x =-"x z - z+ y -y
g 4.~ a-
a - a-
BE CAREFUL!l

To sum or subtract algebraic fractions, get the common denominator, i.e.; the
least common multiple.

To multiply or divide, you do not need to get the common denominator, but,
although the problem says "Multiply," that is the last thing to do in algebral
First, factor. Then cancel. Finally, multiply.

~x2-1_ 4
And remember: Only factors cancel. This is a big mistdke: x2

14. Do the following operations with algebraic fractions:

x -  x+t X -x- x+ (x+
a X b . c - +
x+ x +x x =) X - x+ x- x -
x +"x+ x+" x -
d ), e [ +-].
X -Xx x =-*x+ x) x +x
X - X X - x+ X X -
f X X g - +
X —-X- x - x+ x+ X - X -
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EQUATIONS AND SYSTEMS
3% 4™ AND HIGHER DEGREE EQUATIONS

Many equations in algebra can seem quite complex at first. However, if you take the time to
break them down into their simplest parts, they won’t seem so bad at all. One of the most
common ways to simplify any algebraic expression is to factor it as completely as possible. This
same idea can be used to simplify algebraic equations to a point where they are easily solved.
Follow these steps with the example:

x +*x + x = Xx
1. Rewrite the equation so that the left side of the equation is set equal to 0. x -*x + x - Xx=
2. Factor the expression on the left side of the equation x x- x+ x+ =

3. Remember, in order for an expression to equal 0, one of its factors must be equal to 0. So, set each factor
X =

x _— —_
of your expression equal to 0

x+ =

4. Solve each of the new equations for x. All the solutions from the new equations are the full solution set

for the original equation. Solutions: 0, 1, -2, -3

X

RATIONAL EQUATIONS: To solve rational equations:

(1) Identify the least common denominator (LCD), LCD=(x-2)x
(2) Multipy each sideof the equation by the LCD and simplify

vl )

+ =
X - X x-

+ xx(x - )X;:xx(x— )

x+ ( - ) =X
(3) Solve the resulting equation, and
(4) Check the answer.

RADICAL EQUATIONS To solve radical equations:
1. Isolate the radical (or one of the radicals) to one side of the
equal sign.
2. If'the radical is a square root, square each side of the
equation. (If the radical is not a square root, raise each side to a power
equal to the index of the root.)
3. Solve the resulting equation.
4. Check your answer(s) to avoid extraneous roots.
REMEMBER!!  You must square sides, not terms
You must check the solutions (6 R - #
- o+ < " 3 % "o+ $
SYSTEMS OF SIMULTANEOUS EQUATIONS: Use the substitution method or the
addition method for system with first degree equations, and usually, use the substitution method
for systems with higher degree equations.




7.

8.

Solve these equations of higher

ax - x +°" = b x - x+ «x c(x+x+)x(x—))
degree:
dx = x -)x ex + = )x f('x—x— )X(x+x— )=
a o+ = b +—=
X - X - x ="x+* X - X x x-

Solve these rational equations:

The sum of twice a positive integer and four times the reciprocal of the integer is 9. Find the integer.

A medical research lab is testing a new drug on a patient. The amount of the drug remaining in the patient's
bloodstream t hours after the drug is administered can be modelled by the
equationP t =-t +"t -*t+*. Find out how many hours after
administration will the drug be totally eliminated from the patient's

bloodstream.

Solve and check:

a Jx +*= 4 x- b Jx - =\/)_x c + x-x =x-

d x+ -+ x- = e N x+ —Ax+ = fAlx- +4 x+ =4 x+
The formula below represents the swing of a pendulum. S is the time in seconds to swing back and forth,
and L is the length of the pendulum in feet.

a. How long does it take for a 3 foot pendulum to swing back and forth? (Round to three decimal

places)

b. Solve the formula for L L
S=27 | —
32
2GM
I/E.SC o
R to

calculate the escape velocity from a planet or a star. G is the
gravitational constant, M is the Mass of the planet or star and R
Solve the equations for the radius of the planet or the star.

Isaac Newton established the formula

its radius.

X=5 is a solution of the equation x +bx+ = .Findthe other solution. What is the value of b?



10.

11.

12.

13.

14,

X=3is a solution of the equation x - x+c¢ = .Whatisthe value of c?
Find the width and the length of a rectangular room with an area of 28 m” and a perimeter of 22 m.
Get the value of cin the equation x +*x+c¢ = , sothatit has two equal solutions.

The age of a child will be in three years, a perfect square; three years ago, it was exactly the square root of
this square. How old is the child?

A rectangular room has an area of 12 m” and a diagonal of 5 m. It is 3 m high. Find the area of the walls and

s o

st

the ceiling. &

The sides of two squares add up to 131 cm. With both diagonals we can made another square with an area

of 8 540 cm?®. Get the measurements of the sides.



INEQUALITIES —

LINEAR INEQUALITIES

Solving linear inequalities is the same as solving linear equations... with one very important exception...
when you multiply or divide an inequality by a negative value, it changes the direction of the inequality.

At the end of the process, we get an expression like this: X <7 SO, the solution is an interval or a
union of intervals.

Let us remember what each inequality symbol means.
It is helpful to remember that the "open" part of the inequality symbol (the larger part) always
faces the larger quantity.

SYMBOL MEANING

<

> $

< "
> $ "

Example: Solve 5-3x =13 +x
5-3x=13+x

4x <8;

X =-2

.....I

0 Sol.: [-2, o)




HIGHER DEGREE INEQUALITIES

6 + $ -3 " # 3 , &
" % - - g =7> > %
£or3
@ + , - $" =75
0 $-% ¢ + - - O #
% + , - % % +
- #% # " % + #
AT, 4 x - x- < U ( - )X(x+ )<
1 1
| |
x=-3 i x=0 | x=6
(-1 >0 | -5){2) <0 L1y >0
| |
1 1
| |
1 1
| | | | | | | | | | | -
I I | I | I I | I | .
4 3 -2 1 0 1 2 3 4 5 6
6 # %
- <xs - )
RATIONAL INEQUALITIES
@+ $ " + % +3$ % -9 4
+ P x < -> Y s - % % %
O x
2 # - B # =75 - -t -,
- § C75
D B S -+ - +
$ # # +
- #% # % # %
- - 6 S - -
A7 L1 o+ g
Y-
| |
| |
r=-2 : =10 : =6
_ | !
g 1 4o | T50
=7 I =3 I 1
| |
| |
| |
| |
| | | | | | | | | | | -
| | | | | | | | | | |
Ki y 1 0 1 y 3 4 5 6 7
6 # %
~1=x <5 [-1,5)

% ?
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WARM UP! TRANSLATE INTO ALGEBRAIC LANGUAGE:

The square of m is greater than zero

The absolute value of the opposite of k is greater than 2. Inequality Key Words

The reciprocal of tis less than 0. - at least - means greater than or
The product of t and 5 is at most -6. equal to

The opposite of x is between -3 and 5. é Z‘;;’:_gre than - means less than or
Bill is at least 21 years old -qmore than - means greater than
Earnings cannot exceed $1200. - less than - means less than

Spot's weight is less than 50 Ib.

The film was between 90 and 100 minutes long.

. Boston is more than 200 miles away

SOLVE THESE PROBLEMS ABOUT INEQUALITIES:

Your school is having a carnival. Admission into the carnival is $3 and each game inside the carnival costs $.25. Write an
inequality that represents the possible number of games that can be played having $10. What is the maximum number
of games that can be played?

In a Maths class at the college, only five chapter exams are given and an 80% must be achieved in order to take the
state exit exam. Pam has completed the first four exams with scores of 71, 84, 79, and 81. Write an inequality to find
the minimal score Pam can make on the fifth exam in order to take the state exit exam?

You and your family attend your brother’s championship baseball game. Between innings you decide to go to the snack
stand. You go to the snack stand with $15 and find that sodas are $2.50 and that popcorn is $1.75. Write and graph an
inequality that models the numbers of sodas and bags of popcorn that can be bought.

Laura scored a nine, eight, ten, and seven on her first four Maths tests. Assuming that the perfect score is ten, what
score must she get on her fifth test to have total of at least 42 points?

Suppose a dvd costs $19 and a cd costs $14. Write an inequality to find how many cds you can buy along with one dvd if
you have $65 to spend. Solve the inequality.

The length of Lisa's rectangular dining room is 12 ft. If the area of the room is at least 96 square feet, what is the
smallest width the room could have?

The lowest temperatures for the last two days were 28° and 15°. What must the lowest temperature be for the next
day in order to get an average temperature of less than 19° for the 3-day period?

In 1958, NASA began its search for astronauts for project Mercury, the first man-in-space program. The initial
qualifications for astronaut candidates specified males between 25 and 40 years of age, who were at least 5-foot, 4
inches tall but no taller than 5 foot, 11-inches. Write and graph a system of inequalities that represent the range of
heights and ages for qualifying astronauts.

Katie works part-time at the Fallbrook Riding Stable. She makes $5 an hour for exercising horses and $10 an hour for
cleaning stalls. Because Katie is a full-time student, she cannot work more than 12 hours per week. Graph two
inequalities that illustrate how many hours Katie needs to work at each job if she plans to earn not less than $90 per
week.

10. You can work at most 20 hours next week. You need to earn at least $92 to cover your weekly expenses. Your dog-

walking job pays $7.50 per hour and your job as a car wash attendant pays $6 per hour. Write a system of linear
inequalities to model the situation.



TRIGONOMETRY

Trigonometric ratios:

6 7 $
Sine Cosine

/5 opposite leg

hypotenuse
- + &
Cosecant Secant
/5 ——
a

Trigonometric rules:

1 E5 4
a

a+t a-=
a= +

soddo

adjacent

A
Tangent
/5 adjacent leg /5 opposite leg
hypotenuse adjacent leg
Cotangent
/5 /5 ——
a a




Calculating trigonometric ratios
Use your scientific calculator to get the trigonometric ratios of angles, and be aware that the
mode is DEG if the angle is expressed in degrees or RAD if it is expressed in radians.

You can calculate the exact value of the ratios for the angles of 30°, 45° and 60°. Use these
triangles:

B
V2
1
45°
A 1 C

Learn by heart this is a table with the trigonometric ratios of 30° 45° and 60°:

300 450 60°
sin 1 E E
2 2 2
N3 A2 1
coSs 2 > >
J3
tan 3 1 V3




Solving triangles:
(That means getting the measurements of all its sides and all its angles)
You really know a lot of facts about right triangles:

Pythagorean theorem: a’= b? + ¢?

A+B+C=180° or B+C=90°

All the trigonometric ratios of angles B and C

Remember!! Use in all the calculations the initial dates; each new measurement is an
approximation, so, the error will increase if you use it.

Calculations in geometry using angles:

Measurements of angles and sides, apothems, radii and other elements of polygons are all
related.

Use the trigonometric ratios to find the apothem and the radius if you know the side of a regular
polygon.

You can get the side and the apothem from the radius, etc...

N\
N\

il




Applications of trigonometry: :

Historically, Trigonometry was developed for astronomy and geography, but scientists
have been using it for centuries for other purposes, too. Besides other fields of
mathematics, trig is used in physics, engineering, and chemistry.

In the following examples we can find some of the uses of Trigonometry, as for
example, getting the distance between the beach and the island in the picture below:

Remember these clues before solving a problem:
If no diagram is given, draw one yourself.
Mark the right angles in the diagram.
Show the sizes of the other angles and the lengths of any lines that are known
Mark the angles or sides you have to calculate.

Consider whether you need to create right triangles by drawing extra lines. For
example, divide an isosceles triangle into two congruent right triangles.

Decide whether you will need Pythagoras theorem, sine, cosine or tangent.

Check that your answer is reasonable. The hypotenuse is the longest side in a
right triangle.




Before start, have a look at these definitions:

Angle of Elevation
B
The angle of elevation is always measured from the ground
radits up. Think of it like an elevator that only goes up. It is always
Y ) INSIDE the triangle.
X
A In the diagram at the left, x marks the angle of elevation of the

top of the tree as seen from a point on the ground.

You can think of the angle of elevation in relation to the
movement of your eyes. You are looking straight ahead and you must raise (elevate) your eyes to see the
top of the tree

Angle of Depression

The angle of depression is always OUTSIDE the
triangle. Itis never inside the triangle.

[} \Iﬂﬂ.
=

p—

In the diagram at the left, x marks the angle of depression of
a boat at sea from the top of a lighthouse.

Ik

You can think of the angle of depression in relation to the
movement of your eyes. You are standing at the top of the
lighthouse and you are looking straight ahead. You must

lower (depress) your eyes to see the boat in the water

As seen in the diagram above of angle of depression, the dark black horizontal line is parallel to side CA
of triangle ABC. This forms what are called alternate interior angles which are equal in measure

(so, x also equals the measure of <BAC).

Simply stated, this means that:

the angle of elevation = the angle of depression



Exercises and problems:

1.

If the distance of a person from a tower is 100 m and the angle subtended by the top of the tower
with the ground is 30°, what is the height of the tower in meters?

2. A man is walking along a straight road. He notices the top of a tower subtending an angle A = 60°

with the ground at the point where he is standing. If the height of the tower is h = 35 m, then what
is the distance (in meters) of the man from the tower;

. Alittle boy is flying a kite. The string of the kite makes an angle of 30° with the ground. If the

height of the kite is h =9 m, find the length (in meters) of the string that the boy has used.

A ship of height h = 24 m is sighted from a lighthouse. From the top of the lighthouse, the angle of
depression to the top of the mast and the base of the ship equal 30° and 45° respectively. How far
is the ship from the lighthouse (in meters)?

5. Two men on opposite sides of a TV tower of height 32 m notice the angle of elevation of the top of

10.

11.

this tower to be 45° and 60° respectively. Find the distance (in meters) between the two men.

Two men on the same side of a tall building notice the angle of elevation to the top of the building
to be 30° and 60° respectively. If the height of the building is known to be h =100 m, find the
distance (in meters) between the two men.

|

B ¢
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A pole of height h = 50 ft has a shadow of length / = 50.00 ft at a particular instant of time. Find the
angle of elevation (in degrees) of the sun at this point of time.

A plane is approaching your home, and you assume that it is traveling at approximately 550 miles
per hour.

If the angle of elevation of the plane is 16 degrees at one time and one minute later the angle is 57
degrees, approximate the altitude. (We assume that the altitude is constant)

A ladder 6 feet long leans against a wall and makes an angle of 712 with the ground. Find to the
nearest tenth of a foot how high up the wall the ladder will reach.

A ladder leans against a building. The foot of the ladder is 6 feet
from the building. The ladder reaches a height of 14 feet on the
building. Find the angle between the ladder and the building.

From the top of a barn 25 feet tall, you see a cat on the ground.
The angle of depression of the cat is 402. How many feet, to the
nearest foot, must the cat walk to reach the barn?

by
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Unit circle:

In Trigonometry, a unit circle is a circle with radius of 1 that is centred in
the origin of co-ordinates.
J.l
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In the unit circle, we can draw positive angles, negative angles and even
angles bigger than 360°. If measured in a counter clockwise direction the
measurement is positive. If measured in a clockwise direction the
measurement is negative.

The standard position of an angle and how o draw negative angles are shown

in the pictures below:
|1.I

o
%_{—-

o,

g

ra

AN

initial side

Standard Position

L

=240°

Coterminal Angles

1!

Trigonometric ratios:

We define the trigonometric ratios of a given angle © using the co-ordinates
of the point that the angle determines on the unit circle: cos® = x, sin@ =y

<1 ¥

.3 (cosf),sin)
| !
Y sy

X
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Points of Special Interest on the Unit Circle:

Sign of the trigonometric ratios:

(The CAST diagram)

C: Cosine positive
A: All ratios positive
S: Sine positive

T: Tangent positive

A +

X




Segments which represent the trigonometric ratios:

Each of the six trig functions can be

thought of as a length related to the
unit circle, in a manner similar to that
seen in the picture.

We have seen that the sine (AF) and
cosine (OA) functions are distances
from a point on the unit circle to the
axes.

The tangent (BC) and cotangent (ED)
functions are the lengths of the line
segments tangent fo the unit circle

from the axis to the terminal ray of

angle o.

The secant (OC) and cosecant (OD)
functions are the lengths on the rays
(or secant lines), from the origin to its
intersection with the tangent lines

Reference angles:

Olcos® [B(LD) 2

Associated with every angle drawn in standard position there is another angle called the
reference angle. The reference angle is the acute angle formed by the terminal side of the
given angle and the x-axis. Reference angles may appear in all four quadrants. Angles in

y
Quadrant 11T |

quadrant I are their own reference angles.
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An obligue triangle is any triangle that is not a right triangle. It could be an acute triangle
(all three angles of the triangle are less than right angles) or it could be an obtuse triangle
(one of the three angles is greater than a right angle). Actually, for the purposes of
trigonometry, the class of "oblique friangles" might just as well include right triangles, too.
Then the study of oblique triangles is really the study of all triangles. Solve oblique triangles
using these two rules:

Law of sines:

C
a b C
b a - = - = - -
smA smB  snC

A B

Law of cosines:

2 2 2 .
a =b"+¢" =2bccog A4

y 73
A B b*=a" + ¢ —2accog B

2 v y
cC=a + b —2abcos

You may use the law of sines or the law of cosines depending on the initial data. Try these
exercises:

1. Aand Bare points on opposite sides of a river. On one bank the line AC650 feet is measured.
The angle A=73° 40", and €= 52° 38'. Find AB.

2. The sides of a parallelogram are AB=209.16 and AD =347.25, and the diagonal AC= 351.47.
Find the angles and the other diagonal.

3. ABisaline 652 feet long on one bank of a stream, and Cis a point on the opposite bank.
A=53°18"',and B=48° 36'. Find the width of the stream from Cto AB.

4. The diagonals of a parallelogram are 374.14 and 427.21 and the included angle is 70° 12" 38".
Find the sides.



Your own UNIT CIRCLE

The unit circle (where the radius equals 1) provides a very clear demonstration of how
various trigonometric functions relate to angles and one another. Draw an angle line from the
origin to a point on the circumference of the circle; the (x,y) coordinates of that point will
be the cosine and sine of the angle.
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UECTORS 2

Scalars and vectors:

/ SCALAR " %3 $ - B % A7
$% $ + -,
- % 3
4 %, % - -
- - 7 ., #, %
7 7 ’ - %
-  MAGNITUDE
$ - - - F
A? 5 #+ B ]
# - -
@, -3
$ @ , U
- -4
s 3 3 th -
% - 34 3 -% ¢
6 3 % G6( H6 # -
-3 - $ 5
G - - §
i< $
# 3 3 - + - #
-# -3 -# , $ %%k

3%

- SCALARS

#



PROPERTIES OF VECTORS

- % + , - % 3 # $¢&

Magnitude $ # o+ ‘AE

A direction , s g— B

A sense $+ $ + 3 y

# / 1 # 1 7/ A
/ - - - -,
Equivalent vectors + 3 $ - - - "ot $ -
3 % + , % 4 B ’

A > D
o
[#] x

OPERATIONS WITH VECTORS:

Addition
Polygon method:
63 + A -B -—--%- 3 $ 33 : - 3 %
, #B ,  #A 6 C=A+B ot :
A , #B

Reference
direction

Scale: 1 unit=1 cm

kR=A+B+C+ D+E

WV,
Parallelogram method:
, $ _ { step 1 N [ stepz ™ P -
+ - V‘ + -
$ - ] $
- ¢ 3%
B .
LN y
rStepS A
A
Difference:




2 units 4 units )
A B
2 units
A-B=A +(B)
Product by a scalar N )
F - 7, 4 A '
A3 , - % $ - &+ A
3 - N - 3 - $ ¢
", 3A r
COMPONENTS OF VECTORS:
- , o+ # - - 3 %k
i "
(3, 4) (4, 5)
/i5 3 3

OPERATIONS WITH COMPONENTS:

Add or subtract vectors -- $ $ , -% 3 $ +

-
Multiply a vector by a scalar , % $ , %
_ u
Determine the slope # + - 3w U= (“ u ):> m = o
Calculate the magnitude # + $=% $ 4

‘ﬁ‘ = u tu

Calculate the coordinates of the mid point ¢ $ ABY&

Aa a B(b b):M(a b a+bj







